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Abstract. We give a formula for the topological pressure of the
geodesic flow of a compact rank 1 manifold in terms of the growth
of the number of closed hyperbolic (rank 1) geodesics. We derive
an equidistribution result for these geodesics with respect to equi-
librium states. This generalize partially a result of G. Knieper [12]
to non constant potentiels.
1. Introduction and main result
By a result of G Knieper [12], we know that the geodesic flow on
a compact rank 1 manifold M admits a unique measure of maximal
entropy, concentrated on the open and dense set of regular vectors in
T 1M . Knieper proved that this measure is approximated by probability
measures supported on a finite number of regular closed geodesics.
This result generalize previous well known results for negatively curved
manifolds [2] [6] [8] [13] [14] [15] [20].
In this paper we consider the case of non constant potentials. We
obtain a formula expressing the topological pressure as an exponential
growth of the number of weighted regular closed geodesics representing
different free homotopy classes. As a consequence we give an equidis-
tribution result for weighted closed regular geodesics to an equilibrium
state. These results extend and strengthens previous one by G Knieper
([12] Proposition 6.4) and M Pollicott [19]. The proof uses the Anosov’s
closing lemma for compact manifolds of nonpositive curvature [5] and
also a Riemannian formula for the topological pressure by G P Pater-
nain [18].
Let M = X/Γ be a compact Riemannian manifold of nonpositive
curvature where X is the universal cover and Γ is the group of deck
transformations of X . The rank of a vector v ∈ T 1M is the dimension
of the space of all parallel Jacobi fields along the geodesic defined by v.
The rank of the manifold is the minimal rank of all tangeant vectors.
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We will assume that M is a rank 1 manifold (this includes manifolds
of negative sectional curvature where all the geodesics are of rank 1).
In fact, by a rigidity result of Ballmann [3] and Burns-Spatzier [7]
“most of” compact manifolds of nonpositive curvature are rank 1. By
a regular vector (resp regular geodesic) we will mean a rank 1 vector
(resp a geodesic defined by a rank 1 vector). A geodesic is called
hyperbolic if it is regular, extending thus the notion of hyperbolicity
to rank 1 manifolds. Let Rreg be the open subset of T
1M of regular
vectors. It is dense in T 1M if M is of finite volume [4]. Let ν be the
Knieper’s measure of maximal entropy of the geodesic flow of the rank
1 maniflod M . We have ν(Rreg) = 1 and the complement Sing of Rreg
is an invariant closed subset of the unit tangent bundle. The growth
of closed geodesics in the “singular part” Sing can be exponential [10]
as well as subexponential [12]. In this paper we concentrate on the
regular set, but it will be interesting to investigate the Sing-part.
Two elements α, β ∈ Γ are equivalent if and only if there exists
n,m ∈ ZZ and γ ∈ Γ such that αn = γβmγ−1. Denote by [Γ] the set of
equivalence classes of elements in Γ. Classes in [Γ] are represented by
elements in Γ which have a least period (primitive elements):
[α] = {γαm0 γ
−1 : α0 ∈ Γ, α0 primitive, γ ∈ Γ}.
Let xα be the point in X such that d(xα, αxα) = infp∈X d(p, αp) (M is
compact). The axis trougth xα and αxα projects onto a closed geodesic
in M with prime period d(xα, αxα) := l(α0). We set l([α]) := l(α0), i.e
l([α]) = min{l(γ) : γ ∈ [α]} = l(α0).
We will denote by Γhyp ⊂ Γ the subset of those elements with hyperbolic
axis. Then [Γhyp] is the set of conjugacy classes representing geometri-
cally distinct hyperbolic closed geodesics. Finally given a function f on
T 1M the notation
∫
[α]
f , [α] ∈ [Γhyp], stands for the integral of f along
the unique closed geodesic representing the class [α]. If this geodesic
is given by φsv[α], 0 ≤ s ≤ l([α]) for some v[α] ∈ T
1M , then,∫
[α]
f :=
∫ l([α])
0
f(φsv[α])ds := δ[α](f).
Given a continuous function f on T 1M , let µt := µ
f
t be the flow invari-
ant probability measures supported on a finite number of hyperbolic
closed geodesics defined on continuous functions ω by,
µt(ω) :=
∑
([α]∈Γhyp:l([α])≤t)
e
∫
α
fδ[α](ω)∑
([α]∈∈Γhyp:l([α])≤t)
e
∫
α
f
.
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Here is the main result of the paper.
Theorem 1. Let M = X/Γ be a compact rank 1 manifold equipped
with a C∞ Riemannian metric and f ∈ CIR(T
1M). Then
(1)
lim
t→+∞
1
t
log
∑
[α]∈[Γhyp]:l([α])≤t
e
∫
α
f = P (f).
(2) The accumulation points of {µt} with respect to the topology of
weak convergence of measures, are equilibrium states of the ge-
odesic flow corresponding to the potential f . Moreover, for any
open neighborhood V in P(T 1M) of the subset of equilibrium
states Pe(φ) we have,
lim
t→+∞
∑
([α]∈Γhyp:l([α])≤t, δ[α]∈V )
e
∫
α
f∑
([α]∈∈Γhyp:l([α])≤t)
e
∫
[α] f
= 1,
where the convergence is exponential.
In the part (2) of Theorem 1, the condition C∞ on the metric is
necessary since we need the upper-semicontinuity of the entropy map
[17].
Let d be the distance on T 1M induced by the Riemannian metric of
M . Consider the metric dt on T
1M , defined for all t > 0 by
dt(u, v) := sup
0≤s≤t
d(φs(u), φs(v)).
Following [5] we denote by P (t, ǫ) the maximal number of regular vec-
tors v ∈ T 1M which are ǫ-separated in the metric dt and for which
φt(v)v = v for some t(v) ∈ [t, t+ ǫ]. Let E(t, ǫ) be the set defined above
with #E(t, ǫ) = P (t, ǫ).
The following is the Lemma 5.6 from [5] for rank 1 manifolds and
continuous potentials (see Lemma 1 (5) below).
Proposition 1. Set
∫
cv
f :=
∫ l(cv)
0
f(φt(v))dt, where cv is the closed
geodesic defined by v ∈ E(t, ǫ) and l(cv) is the period of v. Then,
lim
ǫ→0
lim inf
t→+∞
1
t
log
∑
v∈E(t,ǫ)
e
∫
cv
f = lim
ǫ→0
lim sup
t→+∞
1
t
log
∑
v∈E(t,ǫ)
e
∫
cv
f = P (f).
2. Proofs
2.1. Topological pressure. We recall the notion of topological pres-
sure [21]. Let t > 0 and ǫ > 0. A subset E ⊂ T 1M is a (t, ǫ)-separated
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if dt(u, v) > ǫ for u 6= v ∈ E. Set
r(f ; t, ǫ) := sup
E
∑
θ∈E
e
∫ t
0 f(φt(θ))dt
where sup is over all (t, ǫ)-separated subsets E; and
r(f ; ǫ) := lim sup
t→∞
1
t
log r(f ; t, ǫ).
Then the topological pressure of the geodesic flow corresponding to the
potential de f is the number,
(1) P (f) = lim
ǫ→0
r(f ; ǫ).
The topological entropy htop is htop = P (0). We denote by P(T
1M)
the set of all probability mesures on T 1M with the weak topology of
mesures, and let P(φ) be the subset of invariant probability mesures
of the flow. The entropy of a probability measure m is denoted h(µ)
[21]. All these objects satisfy the following variational principle [21]
(2) P (f) = sup
µ∈P(φ)
(
h(µ) +
∫
T 1M
fdµ
)
.
An equilibrium state µf satisfies,
(3) h(µf) +
∫
T 1M
fdµf = P (f).
When the Riemannian metric of the manifoldM is C∞ then by a result
of Newhouse [17] the entropy map m→ h(m) is upper semicontinuous
and then htop < ∞. Consequently, the set Pe(f) of equilibrium states
is a non empty closed and convex subset of P(φ).
2.2. Proof of Theorem 1 (1). Let ν be the Knieper’s measure. Let
N(t, ǫ, 1−δ, ν) be the minimal number of ǫ-balls in the metric dt which
cover a set of measure at least 1− δ. Since ν is the unique measure of
maximal entropy, we can apply Lemma 5.6 in [5] to this measure.
Lemma 1 ([5]). There exists δ > 0 such that for all ǫ > 0, there exists
t1 > 0 such that
(4) P (t, ǫ) ≥ N(t, ǫ, 1 − δ, ν)
for any t ≥ t1. In particular, we have
(5) lim
ǫ→0
lim inf
t→+∞
lnP (t, ǫ)
t
= lim
ǫ→0
lim sup
t→+∞
lnP (t, ǫ)
t
= htop.
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We fix ǫ > 0. Recall that E(t, ǫ) is the maximal set defined above
with #E(t, ǫ) = P (t, ǫ). From Lemma 1 (4), if N(t, ǫ, 1 − δ, ν) is the
minimal number of ǫ-balls Bt(vi, ǫ) in the metric dt, which cover the
whole space T 1M , then P (t, ǫ) = N(t, ǫ, 1− δ, ν) for t sufficiently large
(since each ǫ-ball Bt(vi, ǫ) contains a unique point from E(t, ǫ)).
Now, it suffices to prove Theorem 1 (1) for Lipschitz functions f .
Suppose then f Lipschitz and let lip(f) be it’s Lipschitz constant.
Consider a (2ǫ, t)-separated set E1 in T
1M . Thus, two distinct vec-
tors in E1 lies in two distinct ǫ-balls above, so that #E1 ≤ P (t, ǫ).
For each θ ∈ E1, we associate the unique point vθ ∈ E(t, ǫ) such that
dt(θ, vθ) ≤ ǫ. Let τθ the regular closed geodesic corresponding to the
regular periodic vector vθ (τ˙θ(0) = vθ), with period l(τθ) ∈ [t, t + ǫ],
and [τθ] the corresponding free homotopy class. There exists a constant
C > lip(f) such that,∑
θ∈E1
e
∫ t
0 f(φs(θ))ds
≤ elip(f)ǫt
∑
[τθ]:θ∈E1,t<l(τθ)≤t+ǫ
e
∫ t
0 f(τθ(s))ds
≤ eCǫt
∑
[τ ]:t<l(τ)≤t+ǫ
e
∫ l(τ)
0
f(τ(s))ds
≤ eCǫt
∑
[τ ]:l(τ)≤t+1
e
∫ l(τ)
0 f(τ(s))ds,
where the sum is over all the hyperbolic closed geodesics which repre-
sent different free homotopy classes and prescribed lengh. Thus for all
ǫ < ǫ0 we obtain that
P (f ; 2ǫ) = lim sup
t→∞
1
t
log sup
E1
(∑
θ∈E1
e
∫ t
0
f(φs(θ))ds
)
≤ Cǫ+ lim sup
t→∞
1
t
log

 ∑
[α]∈[Γhyp]:l([α])≤t
e
∫
[α]
f

 .
We let ǫ→ 0 gives,
P (f) := lim
ǫ→0
P (f ; 2ǫ)
≤ lim sup
t→∞
1
t
log

 ∑
[α]∈[Γhyp]:l([α])≤t
e
∫
[α] f

 .
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To show the reverse inequality, lim sup ≤ P (f), it suffices to observe
that the set of hyperbolic closed geodesics with length ≤ t and which
represent different free homotopy classes, is ǫ-separated for all ǫ <
inj(M).
We will show now that the lim inf is bounded below by the pressure.
For this we use the following result [18].
Theorem 2 (G P Paternain [18]). Let M be a closed connected Rie-
mannian manifold. If the metric of M is of class C3 and does not have
conjugate points, then for any δ > 0 we have,
P (f) = lim
t→∞
1
t
log
∫
M×M

 ∑
γxy :t−δ<l(γxy)≤t
e
∫ l(γxy)
0 f(γxy(t),γ˙xy(t))dt

 dxdy.
For each δ > 0 and (x, y) ∈ M ×M we consider the subset of T 1M
defined by,
Exy := {γ˙xy(0) : t− δ < l(γxy) ≤ t}.
It is finite for almost all (x, y) ∈ M ×M [?]. As consequence of the
nonpositive curvature, the rank 1 manifold M has no conjugate points.
Thus, there exists a constant ǫ0, depending only on M , such that Exy
is (2ǫ, t)-separated for ǫ < ǫ0. To see this, it suffices to lift every thing
to the universal cover of M and use ([18] p135) and ([11] p375). Thus,
the preceeding arguments applied to E1 = Exy give,
lim inf
t→∞
1
t
log
∫
M×M

∑
θ∈Exy
e
∫ t
0 f(φ
s(θ))ds

 dxdy
≤ lim inf
t→∞
1
t
log

 ∑
[α]∈Γhyp:l([α])≤t
e
∫
[α] f

 .
But by Theorem 2, the left hand side of this inequality is a limit and
is equal to P (f), which completes the proof.
Remark (question) 1. Find a proof which did not appeal to Pater-
nain’s formula in Theorem 2 !
2.3. Proof of Proposition 2. The proof of Proposition 2 follows from
the above arguments.
2.4. Proof of Theorem 1 (2). Consider the following functional which
measures the “distance” of an invariant measure m to the set of equi-
librium states,
ρ(m) = P (f)−
(
h(m) +
∫
fdm
)
.
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Set ρ(E) := inf(ρ(m) : m ∈ E) for E ⊂ P(φ) and,
[Γhyp](t) := {[α] ∈ [Γhyp] : l([α]) ≤ t}.
Lemma 2. Let M be a compact smooth rank 1 manifold and f a con-
tinuous potential on T 1M . Then, for any closed subset K of P(φ) we
have,
lim sup
t→+∞
1
t
log
∑
([α]∈[Γhyp](t):δ[α]∈K)
e
∫
[α] f∑
[α]∈[Γhyp](t)
e
∫
[α] f
≤ −ρ(K).
We leave the proof of this lemma for later and finish the proof of
Theorem 1. First, let V be an open neighborhood of Pe(f) and set
K = P(φ)\V . The set K is compact and ρ(K) > 0. For t sufficiently
large we have by Lemma 3,
1 ≥
∑
([α]∈[Γhyp](t):δ[α]∈V )
e
∫
[α] f∑
[α]∈[Γhyp](t)
e
∫
[α] f
≥ 1− e−tρ(K).
This proves the second assertion in part (2) of the Theorem 1.
2.4.1. Accumulation measures of µt. The proof of the fact that the
accumulation measures of µt are in Pe(φ) follows [1].
We endow P(T 1M) with a distance d compatible with the weak star
topology: take a countable base {g1, g2, · · · } of the separable space
CIR(T
1M), where ‖gk‖ = 1 for all k, and set:
d(m,m′) :=
∞∑
k=1
2−k
∣∣∣∣
∫
gkdm−
∫
gkdm
′
∣∣∣∣ .
Let V ⊂ P(φ) be a convex open neighborhood of Pe(f) and ǫ > 0.
We consider a finite open cover (Bi(ǫ))i≤N of Pe(f) by balls of diameter
ǫ all contained in V . Decompose the set U := ∪Ni=1Bi(ǫ) as follows,
U = ∪N
′
j=1U
ǫ
j ,
where the sets U ǫj are disjoints (not necessarily open ) and contained
in one of the balls (Bi(ǫ))i≤N . We have
Pe(f) ⊂ U ⊂ V.
We fix in each U ǫj an invariant probability measure mj , j ≤ N
′, and let
m0 be an invariant probability measure distinct from the above ones;
for example take m0 ∈ V \U . Set for convenience,
(6) νt(E) :=
∑
([α]∈[Γhyp](t):δ[α]∈E)
e
∫
[α] f∑
[α]∈[Γhyp](t)
e
∫
[α] f
, E ⊂ P(φ)
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and define,
(7) βt =
N ′∑
j=1
νt(U
ǫ
j )mj + (1− νt(U))m0.
We have
∑N ′
j=1 νt(U
ǫ
j ) = νt(U). The probability measure βt lies in V
since it is a convex combination of elements in the convex set V . Thus
d(µt, V ) ≤ d(µt, βt).
We are going to show that
d(µt, βt) ≤ ǫνt(U) + 3νt(U
c),
where U c = P(SM)\U .
Consider the measures µt,V on SM defined by,
µt,V :=
∑
([α]∈[Γhyp](t):δ[α]∈V )
e
∫
[α]
fδ[α]∑
[α]∈[Γhyp](t)
e
∫
[α]
f
.
By definition of µt and µt,V and the fact that U ⊂ V ,∑
k≥1
2−k|µt(gk)− µt,V (gk)| ≤ νt(U
c).
It remains to show that∑
k≥1
2−k|µt,V (gk)− βt(gk)| ≤ ǫνt(U) + νt(U
c).
We have for all k ≥ 1,
|µt,V (gk)− βt(gk)| ≤ A+B + C
where,
A =
∑N ′
j=1
∑
[α]∈[Γhyp](t):δ[α]∈U
ǫ
j
e
∫
[α] f |δ[α](gk)−mj(gk)|∑
[α]∈[Γhyp](t)
e
∫
[α
]f
,
B =
∑
[α]∈[Γhyp](t):δ[α]∈V \U
e
∫
[α] fδ[α](gk)∑
[α]∈[Γhyp](t)
e
∫
[α]f
,
C = |(1− νt(U))m0(gk)|.
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Thus, since we have for all k ≥ 1, ‖gk‖ = 1, by definition of νt we get,∑
k≥1
2−k|µt,V (gk)− βt(gk)|
≤ ǫ
N ′∑
j=1
νt(U
ǫ
j ) + νt(U
c) + (1− νt(U))
= ǫνt(U) + νt(U
c).
Finally we have obtained that
d(µt, βt) ≤ ǫνt(U) + νt(U
c).
This implies the desired inequality,
d(µt, V ) ≤ ǫνt(U) + 3νt(U
c).
The set U c is closed, so we have limt→∞ νt(U) = 1. Since ǫ is arbitrary,
we conclude that lim supt→∞ d(µt, V ) = 0. The neighborhood V of
Pe(f) being arbitrary, this implies that all limit measures of µt are
contained in Pe(f). In particular, if Pe(f) is reduced to one measure
µ, this shows that µt converges to µ.
2.5. Proof of Lemma 3. We follow [19]. The functional ρ is lower
semicontinuous (since h is upper semicontinuous) and ρ ≥ 0. Set for
any continuous function ω on T 1M ,
(8) Qf(ω) := P (f + ω)− P (f).
The fact that Qf is a convex and continuous is a consequence of the
same properties for P . Using the variational principle, it is not difficult
to see that
Qf(ω) = sup
µ∈P(φ)
(∫
ωdµ− ρ(µ)
)
.
By duality we have for any invariant probabilit measure m,
ρ(m) = sup
ω continuous
(∫
ωdm−Qf (ω)
)
.
With the notations introduced above, we have to prove that
lim sup
t→+∞
1
t
log νt(K) ≤ −ρ(K).
Let ǫ > 0. There exists a finite number of continuous functions ω1, · · · , ωl
such that K ⊂ ∪li=1Ki, where
Ki = {m ∈ P(φ) :
∫
ωidm−Q(ωi) > ρ(K)− ǫ}.
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We have νt(K) ≤
∑l
i=1 νt(Ki) where
νt(Ki) =
∑
([α]∈[Γhyp](t):δ[α]∈Ki)
e
∫
[α] f∑
[α]∈[Γhyp](t)
e
∫
[α] f
.
Then, ∑
[α]∈[Γhyp](t):δ[α]∈Ki
e
∫
[α] f
≤
∑
[α]∈[Γhyp](t):δ[α]∈Ki
e
∫
[α] fel([α])(
∫
ωidδ[α]−Q(ωi)−(ρ(K)−ǫ)).
Set C :=
∑
i≤l sup(1, e
−δ(−Q(ωi)−(ρ(K)−ǫ))). Thus, by taking into account
the sign of −Q(ωi)− (ρ(K)− ǫ),∑
α∈[Γhyp](t):δ[α]∈Ki
e
∫
[α] f
≤
∑
[α]∈[Γhyp](t):δ[α]∈Ki
e
∫
[α](f+ωi)el([α])(−Q(ωi)−(ρ(K)−ǫ))
≤ Cet(−Q(ωi)−(ρ(K)−ǫ))
∑
[α]∈[Γhyp](t):δ[α]∈Ki
e
∫
[α](f+ωi).
For t sufficiently large, it follows from Theorem 1 (1),
νt(K) ≤ C
l∑
i=1
et(P (f+ωi)+ǫ)e−t(P (f)−ǫ)et(−Q(ωi)−(ρ(K)−ǫ)
= Clet(−ρ(K)+3ǫ).
Take the logarithme, divide by t and take the lim sup,
lim sup
t→∞
1
t
log νt(K) ≤ −ρ(K) + 3ǫ.
ǫ being arbitrary, this proves Lemma 3.
References
[1] Amroun A. Equidistribution results for geodesic flows. To appear in, Ergo.
Theory. Dynam. Sys (2013).
[2] Anosov D V. Geodesic flows on closed Riemannian manifolds of negative cur-
vature. Trudy Mat. Inst. Steklov 90 (1967) (Russian). Proc of The Steklov Inst
of Math, No 90 (1967) (English).
[3] Ballmann W. Nonpositively curved manifolds of higher rank. Ann of Math.
122 (1985) 597-609.
[4] Ballmann W. Axial isometries of manifolds of nonpositive curvature. Math
Ann 259 (1982) 131-144.
ON THE GROWTH OF HYPERBOLIC GEODESICS IN RANK 1 MANIFOLDS11
[5] Ballmann W. Brin M. Spatzier R. Structure of manifolds of nonpositive cur-
vature II. Ann of Math. 122 (1985), 205-235.
[6] Bowen R. Periodic orbits for hyperbolic flows. Amer J Math 94 (1972), 1-30.
[7] Burns K. Spatzier R. Manifolds of nonpositive curvature and their buildings.
IHES 65, 35-59 (1987).
[8] Bowen R. Maximizing entropy for hyperbolic flow. Math Syst Theory 7 (1973),
300-303.
[9] Geometry of nonpoitively curved manifolds.Chicago Lectures in Mathematics.
[10] Gromov M. Manifolds of negative curvature. J. Diff. Geom. 13 (1978), 223-230.
[11] Hasselblatt B. Katok A. Introducton to modern theory of dynamical systems.
Encyclopedia of Mathematics and its applications, 54, Cambridge University
Press, Cambridge, UK, 1995.
[12] Knieper G. The uniqueness of the measure of maximal entropy for geodesic
flows on rank 1 manifolds. An Math, 148 (1998), 291-314.
[13] Ledrappier F. Structure au bord des varie´te´s a` courbure ne´gative. Se´minaire
de the´orie spectrale et ge´ome´trie. Grenoble, 1994-1995, 92-122.
[14] Margulis G A. Application of ergodic theory to the investigation of manifolds
of negative curvature. Func Anal Appl 3 (1969), 335-336.
[15] Margulis G A. On some aspects of the theory of Anosov systems. With a survey
by Richard Sharp: Periodic orbits of hyperbolic flows. Spinger Verlag (2004).
[16] Massart D. Normes stables pour les surfaces. Thse ENS Lyon (1996).
[17] Newhouse S. Continuity properties of entropy. Ann. Math. 129, 215-235, 1989.
[18] Paternain G P. Topological pressure for geodesic flows. Ann Sci Eco Norm Sup,
4 e`me se´rie, t 33 (2000), 121-138.
[19] Pollicott M. Closed geodesic distribution for manifolds of non-positive curva-
ture. Disc And Cont Dyn Sys. Vol 2, Number 2 (1996) 153-151.
[20] Yue C B. The ergodic theory of discrete isometry groups on manifolds of vari-
able negative curvature. Tran Amer Math Soc, vol 348, No 12, (1996) 4965-
5005.
[21] Walters P. An introduction to ergodic theory G.T.M. 79 Springer Berlin 1982.
